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A ddition |multip1ication
{Closure Property a +b=an integer ax b=an integer
lexample 6+2=8 lexample 3xd=12
A ssociative at(b +c)=(a +b)+c ax(bx c)={axb)x c
jexample 9+{2+)=(9+2)+4=15 |example 3x[-2)x4]=
[3x(-2)]zd=-24
Distributive ax(b +o)=(ax b)+{axc), (a+b)xc=(axc)tb xzc)
{exarnpleSx[2+(-3) = Sx2 [+ 5x(-3)]=10-15=-5
{Commutative at b=b +a axb=b x a
iexample 3+(-2)=(-2)+3=1 [example 3x(-2)=(-2)x3=-6
[dentity at0=a ax1=a
lexample 6+0=56 lexample (-6)x1=-6
[hverse element at(-a)=0 [No mnverse element
{example 6+(-6)=0
Zero product property [f a x b=0,then either a=0, or
[p=0 or both=0




HERE E $afnb, a = 0, KA1 PaX Kb (ILfalb) ,
IR EAEKHESb=ac.

wa, bfucEE$, a=0,
#alb, H alc, N a|(b+c)
#alb, X al(bc)
#alb, Hblc, N alc
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AlgreZN0<r<d)(a=dxqg+r)
o R, a#Aars i (dividend) , d#k Ak
(divisor) , q# 47 (quotient) , r#k# 44
o it: gq=adivd, r=amodd, EH#ittE “arb”
o fl: v —11=3x(-4)+1, ~ —11mod3 =1
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® &aiﬁnbj‘jgﬁ’ mjﬂl ﬁ ﬂﬂ%mgﬁ%(b-a), /ljjl.:
Watim[E &b, 1IE1E a = b (mod m).

e a =b (mod m) iff a (mod m) = b (mod m)
e a =b (mod m)iff dkeZ. a= b+km
-1=5 (mod 6), -2=4 (mod 6), ..., -5=1 (mod 6)
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={...-5,1,7,...}
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Aafibk E ¥, dYEEH, N
(a + b) mod d=(a mod d+ b mod d)mod d.
(a b) mod d=((a mod d) (b mod d))mod d.

EmER: RZ - ANTMEERERES, X
tm /m%ﬁmﬁlﬁf/ﬁé%

a+.b=(a+tb) mod m

a-,b=(a-b) modm
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&4 . 100= 22 52, 999= 3337, 1024= 210
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ENAERE NEEXTFL/INFrfOR N EREE e biFE n=ab.
FE
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=(y-1)(y" (b-1)+y" (b-2) +...+y+1)
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&, B, % % 3 (Eratosthenes, BC276-195)

o FR 6 KRB (s )

2345678910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

[2] 2374567 8910011 1213 1415 16.17.18.19 20 21 .22 23724 25

[3] 234561 11 13 17 19 23 25

[5]:2°3°4.5-6 .7 11 13 17 19 23
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o 221, 231, 2°1, ..., 2P-1,...
o 211.1=2047=23-89 CREM F L5 flA ra )
o (BIRTHRERIIMERERED
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o FELRZANRE
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BEHHRAAAH. €% ged(a b)
gcd(a, b) = max{ deN* | d|a, d|b}, a0 = b0

KA HRafebZ E KW, AmFged(a b)=1

Ea =Pt p*...p, b=pPtp,P2...p Pk,
N ged(a, b) = py™ p,72 ...pte, yi=min {ay;, B}
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T (ZE4R) : Wa,belZ™, N

(As,t € Z)(gcd(a,b) = sa + tb)

I GR#MA) : Wa,beZ ,a<b, N:
gcd(a,b) = ged(a, b — a)

(3gi4a) : Wwa, beZt,a>b, N

gcd(a,b) = gecd(b,a mod b)
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BILEEEE (REALXAE)

function gcd(a, b) // a>0, b>0

whilea#Db
ifa>b
a:=a—>b
else
b:=b—-a
return a

function gcd(a, b) // ~4moE#4%  function gcd(a, b) // a>b>0, a>0

while b #0 if b=0
t:=Db return a
b:=amodb else
a.=t return gcd(b, a mod b)

return a
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T

- ged(a, b)— & atnbey LA &, B :
3s, teZ, gcd(a, b)=sa+tb

o If dis GCD(a, b), then d = sa + tb for some integer s and t.

o Let x be the smallest positive integer that can be written as
sa + tb. For any common divisor ¢ of a, b, c|(sa + tb), which
means that x is no less than any common divisor of a, b.

o Let a=gx+r (0 <r < x), then
r=a—q(sa+tb) =(1— gs)a— qtb. Since r is also of the
form of sa+ tb, r can not be positive, and must be 0. So,

a = gx, that is, x|a. Similarly, x|b.

e Conclusion: x = sa + tb is the largest common divisor of a and

b. And it is a multiple of any other common divisors.



KA BN PSR (58)

ged(a, b)— € Zafnbwy K44, B :
3s, teZ, gcd(a, b)=sa+tb
% B (Bézout) € # : FEHKafbRE FH iff 3s

teZ. sa+tb =1
PLTFiE A oM. /%3S, teZ. sa+tb =1.
3% gcd(a, b)=d, 3Ja,, b,eZ. a=a,d, b=b,d.
K A14 sa,d+tb,d =1. B (sa,+tb,)d =1.
K kd=1. Bfgcd(a, b)=1,




B

If a, b, and ¢ are positive integers such that gcd(a, b) = 1 and a | be, then a | c.

Proof: Because ged(a, b) = 1, by Bézout’s theorem there are integers s and 7 such that
sa+tb=1.

Multiplying both sides of this equation by ¢, we obtain
sac +tbc = c.

We can now use Theorem 1 of Section 4.1 to show thata | c¢. By part (ii ) of that theorem, a | tbc.
Because a | sac and a | tbc, by part (i) of that theorem, we conclude that a divides sac + tbc.
Because sac + tbc = ¢, we conclude that a | ¢, completing the proof. <

If pisaprimeand p | a1a> - - - a,, where each q; 1s an integer, then p | a; for some i.



PERARE (RTFHE, SHE)

x=a; (modm,)

oo (modmy SHURMIAM, SSHIF=, R

(§)y: 1 . ﬁZﬁ_,ﬁtﬁZﬁ_,ﬂ%nﬁ?
" &El € — —

— A

xrf a, (mod m,)

1 H

L] ﬁi’iigﬁmb m21 e mn%%ﬁ%) '—j‘n&"}iﬁ%ﬁﬁéﬂ
(S) Ff#E, EEMERKRTEE—W.

M:mlxmgx---xm”:rlmg M; =M/m;, Yie{l, 2,--- nj

tM;=1 (mod m;), Yie(l,2,---,n).

xTr = Z H@ft'.ﬂrﬂ.

i=1



TERRTE (RFHE, SHE)

r=2 (mod 3)
(5) : {:1: =3 (mod5)

=2 (modT7)
(1 (mod 3) (0 (mod 3) (0 (mod 3)
0=2x35=¢0 (mod5), 21=1x21=<1 (mod5), 15=1x15=¢0 (mod 5),
|0 (mod 7) |0 (mod 7) |1 (mod 7)

2x1+3x04+2x0=2 (mod 3)
2xT0+3x21+2x15=4{2x0+3x1+2x0=3 (mod 5),
2x04+3x04+2x1=2 (mod7)

xr =233+ k x 105, k € Z.
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O RfRKRTNESNE R EERH N, B8 o) o
o(N)=|{k|[1<k<n,gcd(k, n) =1}, neN*
¢(3) =2, ¢(4) =2, ¢(12) =4
BN =Pt p*2 .. p
A A ={x)1=x<n, pEHkRX}
o(n) = | ~A N~A,N.c N~AL
=n—(n/p,+...+ nlp,) + (n/pp,+...+n/p,1P\)
— . T (1) n/pip; ... py
=n(1-1/p,) (1-1/p,) ... 1-1/p,)
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[] ¢(p):p_1) p%%&
0 wmEAMENEFR, Ne(mn)=e(M)e(n).

p(mn)=p(m)p(n)- d/p(), *H Fd=gcd(m,n)

1 | lem(l 1)“F| (l_é)_r d
Fll";[ (1 ) [T (1 - %) —elmetm w(d)
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EIE (Eulerg#®) : XNaneZ*, &(an) =1, N:
a®™ = 1(mod n)
& bikn e ZV ARE, AR REHMERZEE:
EI2 (Fermat/)» 2®) : WIEEH A EREp 2 EH, N
aP~! = 1(mod p) -
Bl K722 EMIR g, ol
o fE: # K A7%?2mod 10, L&T’%%}Z' (79> mod 10, & T

(710) =1, wEulerz @, 7%. (74)55 72 1°° (mod 10
7222 mod 10 = 9Bp 472222 MM # 5 o ©




RSA% ﬁ %% ;‘E-\EH:"*

FagnE i, N a*™ =1 (modn),
Za=1(mod ¢(n)), N a®=a (mod n)
Zn=pq, o =1 (mod ¢(n)), 0<m <n, M m®*=m (mod n)

o EBUKRED, q: n=pq (n¥E LI B R 23D
o & k=o(n) MNHENKIRETF, KHECISKH) .

o WeNAH, dNFEH, WE ed=1 (mod k).
o JI%: S =me (mod n).

o fE®. t=S9(modn). (t=m, why?)




RSAQ/\] ﬁ %‘é _:‘E.\zﬂj*

MFEMESH UE RS =me-kn, WAME, HiE(m®-kn)!=m
(mod n)

Hed = 1 (mod @(n)), FHed=hyph)+1, FHRA_LRFFmheet! =
m (mod n)
1- EmE5nF J{ 52 KL e B
2-FEmEn R R, A &Rm=kp, (mR ¥ ZkpxFEkq)
MBI € A (kp)! =1 (mod q) (k5 qE )
=» [kp)*']"®D X kp = kp (mod q)
=» (kp)*d = kp (mod q) (R HEed = hy(n)+1=h(p-1)(q-1)+1)
=» kp)=tq+kp (TEA: tbHEpER, t=tp)
=» (kp)*=tpq+kp (m=kp, n=pq)

=» m* = m (mod n)
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